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Abstract
We review the status of testing the principle of equivalence and Lorentz
invariance from atmospheric and solar neutrino experiments.
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Let us begin by asking the question: do neutrinos obey the principle of
equivalence? The answer must of course come from experiments. For ordi-
nary matter, the most sensitive test of the equivalence principle comes from
torsion balance experiments which measure the gravitational acceleration of
macroscopic bodies. The current best limit[1] is 10−12, i.e., all macroscopic
bodies experience the same gravitational acceleration to an accuracy of one
part in 1012. Surely torsion balance experiments are not applicable to neu-
trinos. So the question is: what types of experiments are suitable for testing
if neutrinos obey the principle of equivalence?
Suppose the neutrinos violate the principle of equivalence. A consequence
will be that different neutrino types (i.e., different neutrino gravitational
eigenstates) will couple to gravity with a slightly different strength. Suppose
the neutrino weak interaction eigenstates are not the same as their gravita-
tional interaction eigenstates, but are linear superpositions of them. Then,
as a neutrino of definite flavour (e.g., νµ) travels through a gravitational
field, the gravitational components of the flavour neutrino will develop dif-
ferent dynamical phases, which will result in neutrino flavour oscillations. In
other words, neutrino oscillation experiments provide a laboratory to test
the equivalence principle for neutrinos[2, 3].
To parametrize the probabilities for neutrino oscillations arising from a vi-
olation of the equivalence principle (VEP), we follow the formalism in Ref.[4]
where the general equation governing neutrino flavour evolutions is found to
be
i
d
dt
(
νe
νµ
)
=
{
∆m2
4E
[ − cos 2θM sin 2θM
sin 2θM cos 2θM
]
+ E|φ(r)|∆f
[ − cos 2θG e−iβ sin 2θG
eiβ sin 2θG cos 2θG
]
+
GFNe√
2
[
1 0
0 −1
]}(
νe
νµ
)
.
(1)
We have assumed two neutrino flavours (νe and νµ) for simplicity. The
first and third line on the right-hand side of Eq.(1) are familiar from the
usual studies of neutrino oscillations. The first line describes flavour mixing
arising from nondegenerate neutrino vacuum masses[5]. Here E denotes the
neutrino’s energy, ∆m2 ≡ m2
2
−m2
1
is the neutrino mass-squared difference,
2
and θM is the mixing angle between the weak interaction eigenstates and
the mass eigenstates of the neutrinos. The third line describes the matter
effects on neutrino flavour evolutions[6]. Here GF is the Fermi constant
and Ne is the electron density in matter. To study neutrino oscillations
in vacuum, simply set Ne = 0. The second line on the right-hand side
of Eq.(1) describes neutrino flavour mixing arising from VEP. Here φ(r),
which satisfies the boundary condition φ(r → ∞) → 0, is the gravitational
potential through which the neutrinos propagate, θG is the mixing angle
between the weak interaction eigenstates and the gravitational interaction
eigenstates of the neutrinos, β is a phase factor which comes about because
we have mixing among three generally distinct sets of neutrino eigenstates:
weak, gravitational, and mass. Finally, ∆f is a measure of VEP defined
as ∆f ≡ f2 − f1, where f1,2 are parameters introduced in the linearized
neutrino-gravity interaction Lagrangian density[7],
Lint = ifj
4
√
8piGNh
αβ [ν¯jγα∂βνj − (∂αν¯j)γβνj ], j = 1, 2 (2)
to gauge the deviation from universal coupling to gravity. Here ν1,2 denote
the neutrino gravitational eigenstates, hαβ is the background gravitational
field, and GN is the Newton gravitational constant. Einstein’s theory of
general relativity predicts f1 = f2 = 1. VEP occurs when f1 6= f2.
It can be concluded from Eq.(1) that
1. VEP leads to neutrino flavour oscillations even if the neutrinos are
massless or degenerate (in this case the phase factor β can be eliminated
by redefinition of the neutrino fields);
2. neutrino oscillation tests of the principle of equivalence involve two
parameters: ∆f and θG; it is also necessary to know the value of the
local gravitational potential;
3. VEP oscillations have a different energy dependence from oscillations
due to nondegenerate neutrino masses.
The dependence of VEP oscillations on φ(r) is a consequence of violating
the principle of equivalence. It is also a source of uncertainty. Table 1 in
Ref.[4] shows that our local value of |φ| spans from 6× 10−10 for the Earth’s
gravitational potential to about 3× 10−5 for the gravitational potential due
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to our local supercluster[8]. Its value may be even bigger if the contributions
from more distant sources can be estimated. Since φ appears to be dominated
by distant sources, its value varies little over a typical neutrino path length
for earthbound experiments and may thus be treated as a constant. It is
then convenient to treat |φ|∆f as a single parameter in phenomenological
analyses.
In the constant φ approximation, the VEP flavour transition probability
has the familiar form (∆m2 is assumed to be zero here):
P (νe → νµ) = sin2(2θG) sin2
(
piL
λG
)
,
(3)
where L is the neutrino path length and λG is the oscillation length given by
λG =
pi
E|φ|∆f = 6.2 km
( 10−19
|φ|∆f
)(1 GeV
E
)
.
(4)
If we compare this with the well-known vacuum oscillation probability due
to a neutrino mass difference, we see that the two cases are related by the
formal connection,
∆m2
4E
→ E|φ|∆f and θM → θG. (5)
This connection can also be gleaned from Eq.(1). In contrast to the case
of flavour oscillations induced by a neutrino mass difference where the os-
cillation length increases with the neutrino’s energy, VEP oscillations are
characterized by an oscillation length that decreases with increasing neutrino
energy. The two mechanisms may therefore be distinguished by measuring
the neutrino energy spectrum[9, 10, 11, 12]. Note also that VEP oscillations
will be more prominent in experiments with a large E · L, i.e., high energy
neutrinos and/or long path lengths, which is ideal for the neutrino factory
experiments discussed in this workshop.
In a certain class of string theories, VEP may arise through interactions
with a massless dilaton field[13]. This type of equivalence principle violation
may also lead to neutrino oscillations, but with an energy dependence which
is the same as in oscillations due to nondegenerate neutrino masses[14]. It
is therefore difficult to distinguish this type of VEP oscillations from the
mass mixing oscillations, although one can still use data from oscillation
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experiments to constrain the relevant neutrino-dilaton couplings[14]. We
shall not consider further VEP oscillations from string theory, but will focus
on the VEP oscillations from Eq.(1), which share the same distinctive energy
dependence[15] with neutrino oscillations arising from a possible breakdown
of Lorentz invariance[16].
If Lorentz invariance is violated, different (massless) neutrino species may
have different maximum attainable speeds which are close to but not nec-
essarily equal to c. Neutrino oscillations can occur if the neutrino flavour
eigenstates are linear superpositions of their velocity eigenstates, defined to
be the energy eigenstates at infinite momentum, with the probability (for
two-neutrino mixing)[16]
P (νe → νµ) = sin2(2θv) sin2
(
piL
λv
)
,
(6)
where L is the neutrino path length, θv is the mixing angle between the weak
interaction eigenstates and the velocity eigenstates of the neutrinos, and λv
is the oscillation length given by
λv =
2pi
E∆v
= 1.24 km
(10−18
∆v
)(1 GeV
E
)
.
(7)
Here ∆v = v2 − v1 is the difference between the speeds of the two neutrino
velocity eigenstates. Comparing Eqs.(6) and (7) with Eqs.(3) and (4), the
similarities between the VLI (violation of Lorentz invariance) oscillations and
VEP oscillations (for constant φ) are obvious.
Eqs.(4) and (7) indicate the sensitivity we can expect for VEP and VLI
tests from neutrino oscillation experiments. Assuming maximal mixing, there
will be appreciable flavour transitions if piL/λG,v ∼ O(1). For atmospheric
neutrinos, E ∼ (0.1−103) GeV and L ∼ (20−104) km, hence |φ|∆f (or ∆v/2)
in the range (10−26−10−19) can be probed. For solar neutrinos, E ∼ (0.1−10)
MeV and, for vacuum oscillations, L ∼ 108 km, hence |φ|∆f (or ∆v/2) in
the range (10−25 − 10−23) can be probed. For MSW solution to the solar
neutrino problem, the solar gravitational potential, which is about 1.7×10−5
at the solar core and decreases to about 2 × 10−6 at the surface of the Sun,
plays a significant role and the constant φ approximation is not as good here.
Nevertheless we can obtain an order-of-magnitude estimate for the sensitivity
limit : |φ|∆f (or ∆v/2) ∼ (10−23 − 10−22), by letting L = 7 × 105 km, the
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mean solar radius (see Fig. 2 in Ref.[10] for a more accurate estimate).
For long-baseline experiments such as those envisaged for future neutrino
factories, E ∼ (10 − 100) GeV and L ∼ (few× 102 − few× 103) km, hence
a sensitivity of (10−25 − 10−23) for |φ|∆f (or ∆v/2) can be reached. These
estimates demonstrate that neutrino oscillations can provide a very sensitive
test for the fundamental principles of general and special relativity.
We now confront VEP and VLI with experiments. Because of the limited
time, we shall consider only atmospheric and solar neutrino experiments.
Positive evidence for νµ → ντ transitions has been established by the
Super-Kamiokande (SK) Collaboration[17]. An analysis[18] of the 535 days
of SK data on sub-GeV and multi-GeV events found that VEP and VLI
oscillations were consistent with the data, although the χ2 fit was not as
good as the fit for mass mixing oscillations. However, later analyses[19, 20]
that included more recent SK data[21] on upward-going muon events, which
corresponded to atmospheric neutrinos with higher energies: E up to ∼ 103
GeV, found that VEP and VLI oscillations were not compatible with the
data. In particular, Fogli et al.[20], did a very thorough analysis of the VEP
and VLI mechanisms with the SK data. They allowed a power-law energy
dependence for the oscillation length: λ ∝ E−n, and found that, at 90%
C.L., n = −0.9 ± 0.4, which identified the mass mixing mechanism as the
mechanism for the observed νµ → ντ transitions. VEP and VLI oscillations,
which correspond to n = 1, are clearly incompatible with the data. The pos-
sibility of both mass mixing and VEP (or VLI) mechanisms contributing to
the flavour transitions, as described in Eq.(1), was also studied in Ref.[20]. It
was found that, for a wide range of parameter choices, including the VEP (or
VLI) contributions did not improve the fit for the mass mixing mechanism,
which allowed the authors to obtain the 90% C.L. upper bounds for the νµ-ντ
sector:
|∆f | < 10−19, |∆v| < 6× 10−24, (8)
independent of the values of the corresponding mixing angles. The limit
on ∆f is obtained by assuming |φ| = 3 × 10−5, the contribution from the
local supercluster. This limit on VEP is seven orders of magnitude more
stringent than the best limit from torsion balance experiments[1]. The limit
on ∆v is also the most stringent limit on VLI to-date. Note finally that these
bounds are consistent with the range of sensitivity discussed above and are
within about an order of magnitude of the sensitivity limit for long-baseline
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experiments.
As constraining as the SK atmospheric neutrino data are, they only tell
us about VEP and VLI in the νµ-ντ sector. To study flavour transitions
involving νe, we turn to solar neutrino experiments. The observed solar
neutrino deficit may be a result of long-wavelength neutrino vacuum oscilla-
tions or matter-enhanced flavour transitions (MSW effect)[6, 22] in the Sun.
Based on the Standard Solar Model predictions in Ref.[23], it was found in
Ref.[9] that only matter-enhanced VEP oscillations were compatible with the
available solar neutrino data then. However, using the improved Standard
Solar Model predictions[24] and the latest solar neutrino data[25, 26, 27, 28],
and treating the 8B neutrino flux as a free parameter, a recent study[29] finds
that long-wavelength VEP oscillations can also account for the solar neutrino
deficit. The authors of Ref.[29] examined constraints from the observed solar
neutrino rates and from the SK spectral data. They found that, for νe → ντ
transitions, the allowed parameter space lay in the region
0.65 ≤ sin2(2θG) ≤ 1.0 and 3.3× 10−20 < |∆f | ≤ 3.3× 10−18 (9)
for VEP and
0.65 ≤ sin2(2θv) ≤ 1.0 and 2.0× 10−24 < |∆v| ≤ 2.0× 10−22 (10)
for VLI. We have again used |φ| = 3×10−5 to obtain the limits on ∆f in (9).
For νe → νµ transitions, constraints[30] from the recent accelerator neutrino
data from the CCFR Collaboration[31] reduce the allowed range for |∆f | and
|∆v| to 3.3×10−20 < |∆f | < 6.7×10−19 and 2.0×10−24 < |∆v| < 4.0×10−23,
for the same range of values for the corresponding mixing angle.
The VEP and VLI mechanisms also admit a MSW solution to the solar
neutrino problem. One generally finds two disjointed allowed regions, one
for small mixing angles and one for large mixings[4, 9, 10, 30, 32]. Figure 1,
which is due to P. I. Krastev, shows the 99% confidence level allowed regions
for |∆f | and sin2(2θG) derived from comparing all available data on the solar
neutrino rates, including the 825 days of SK data[28], with the Standard
Solar Model predictions in Ref.[24]. Figure 1 is obtained by using only the
solar gravitational potential for φ(r) in Eq.(1) to determine the neutrino
flavour evolution. For the νe → νµ channel, the allowed regions in Figure 1
are completely ruled out by the constraints from the CCFR data[30]. For
the νe → ντ channel, only the large mixing angle region is incompatible with
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the CCFR data2. The remaining small mixing region may be constrained by
the SK data on the recoil-electron energy spectrum, although an analysis[32]
based on earlier (504 days) SK data did not find such a constraint.
In conclusion, in addition to helping determine the masses and mixing
angles of neutrinos, neutrino oscillation experiments constitute a very useful
tool for testing the principle of equivalence and Lorentz invariance. Current
solar and atmospheric neutrino data already provide very stringent limits.
For the νµ-ντ sector, atmospheric neutrino data imply that the principle of
equivalence cannot be violated by more than one part in 1019 and Lorentz
invariance cannot be violated by more than 6 × 10−24. Solar neutrino data
provide limits for both the νe-νµ and νe-ντ sectors. The exact limits depend
on the assumption of either MSW oscillations or long-wavelength vacuum os-
cillations, with the long-wavelength solution imposing the stronger bounds.
Future long-baseline experiments can help improve these limits with suffi-
ciently long (thousands of kilometers) baselines and sufficiently high energy
(hundreds of GeV) neutrinos. A neutrino factory will be a big access for
reaching these goals.
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